Abstract A simple and direct theoretical method has been proposed to investigate the socalled ion-banana-orbit-width (IBW) effect on the bootstrap current in the region of magnetic islands generated by the neoclassical tearing mode (NTM). The result shows that, when the IBW approaches the island width, the (ion) bootstrap current can be partly restored inside the island while the pressure profile is flattened. This can lead to the reduction of the bootstrap current drive on the NTM. The strength of the IBW effect on the NTM is related to the safety factor and the inverse aspect ratio on the rational surface.
Introduction
Tearing instability plays important roles in the present tokamak experiments and the planned ITER experiment, because it can lead to a loss of energy and thus cause the weakening of confinement. The tearing instability can occur when a perturbation exists in the profile of the electric current parallel to the equilibrium magnetic field. This perturbation could generate a chain of magnetic islands on the rational surfaces by the magnetic field line reconnection, and therefore modify the topology of the nested magnetic field in tokamak plasmas.
Much attention has been paid to the theoretical analysis of the tearing mode under different conditions. It was firstly identified analytically by Rutherford based on the 'classical' resistive MHD method. This study concluded that the tearing instability evolution depends on the profile of the parallel current perturbation and the tearing mode stability parameter ∆ , which is a measure of the free energy available from the resistive reconnection of magnetic field lines [1] . Because this early work only considered the inductive current perturbation, it predicted that the tearing mode would be suppressed if ∆ < 0. When the torus effects of tokamak configuration are taken into account, the important neoclassical mechanisms need to be investigated. A current that contributes to the tearing mode drive is the bootstrap current, which is proportional to the pressure gradient. The flattening of pressure profile inside a magnetic island, which is due to the rapid parallel transport along the reconnected field lines, can cause a loss of the equilibrium bootstrap current. Since this neoclassical parallel current perturbation can provide an enhanced drive, the instability is called the neoclassical tearing mode (NTM). In 1985, the NTM physical mechanism was derived respectively by QU & CALLEN via the neoclassical MHD approach and by CARRERA & HAZELTINE via the kinetic theory [2, 3] . These NTM theories showed that the island of arbitrarily small widths can grow to a large saturated state even when ∆ is negative. This explained some experimental observations of the islands on TFTR for ∆ < 0, and predicted accurately the evolution of the islands when they exceeded a threshold width in the order of 1 cm [4] . However, these NTM theories may be flawed for small islands, because they were based on an assumption that the island width is much larger than the banana orbit width of the trapped ion (i.e., w w b , here w is the island half-width, w b = √ εv T /ω cp is the banana orbit width of the trapped ions, v T is the ion thermal velocity, ω cp = qB θ /mc is the ion cyclotron frequency under a poloidal magnetic field, and ε = r/R is the inverse aspect ratio). On the other hand, small seed islands had been observed in ASDEX-Upgrade, which have a typical size of the ion banana orbit width [5, 6] . It can be imagined that the banana-orbits of some trapped ions near the separatrix can overlap with the island (i.e., these orbits can partly lie inside and partly outside the island). The trapped ions whose banana-orbit-centers are inside the island can still feel the pressure gradient on those parts of their orbits that are located outside the island, and thus the average pressure gradient acting on them is not zero. This modifies the bootstrap current profile in the region of the island. Obviously, a so-called ion-banana-orbit-width (IBW) effect may play an important role in the drive of the NTM, when the island width is comparable to the IBW. Because the IBW effect is much more important for the trapped ions than for the electrons which have a much narrower bananaorbit-width, the effects of the electrons are neglected (i.e., assuming T e = 0) and only the behaviour of the ions are considered in this paper for simplicity.
Owing to the importance of the IBW effect on the bootstrap current profile in the island region, it has attracted much interest in the past few years. The nu-merical 3D particle-in-cell (PIC) simulation method has already been employed to solve the problems associated with a small island [7, 8] . Nonetheless, such a large scale simulation approach is computationally expensive and thus the parameter scans are limited. Therefore, a simple and direct physical model, which can treat the important IBW effect on the NTM, is still desirable.
To analytically discuss the IBW effect on the NTM, we modify the previous NTM theory by adding some ideas from the so-called bounce-kinetic theory. According to the neoclassical MHD theory, the bootstrap current density is proportional to the pressure gradient acting on the trapped particles. For a single trapped ion, the pressure gradient can be treated as an effective force [9, 10] . If the pressure gradient changes with the position on its banana-orbit, the averaged effective force can be calculated by the bounce-average (called the banana-orbit average) defined in the bounce-kinetic theory. The bounce-kinetic theory is a reduced kinetic description of plasma dynamics based on the existence of the second adiabatic invariant J [11, 12] . It requires the characteristic frequency of the plasma dynamics and the banana-orbit width of the trapped particles to be much smaller than the bounce frequency and the unperturbed scale length, respectively. The full IBW effect can be retained in the bounce-kinetic description of the plasma dynamics after the bounce-average. In this paper, we are interested in the low frequency NTM in the low collision plasma (ω/ω b 1 and v i /ω b 1, ω b is the bounce frequency, v i is the ion collision frequency), which are consistent to the bounce kinetic orderings.
The remainder of this paper is organized as follows: in section 2, we introduce the definitions of the ion-banana-orbit-center coordinates and the bananaorbit average employed in the bounce-kinetic theory. The effective pressure gradient acting on the trapped ions considering the IBW effect can be derived by the bounce-average. Section 3 describes the IBW effect on the bootstrap current density profile in the region of the island and the drive of NTM. And finally, a summary of our work is drawn in section 4.
The physics model
A theoretical description of the temporal evolution of the magnetic island can be derived from the generalized Rutherford equation and described as [1] 
(1) Here, w is the half-width of a magnetic island, η is the neoclassical resistivity, q is the safety factor, s = (r/q) · dq/dr is the magnetic shear, r is the radial position, R is the major radius, and B is the equilibrium magnetic field. In Eq. (1), two coordinate systems have been adopted. One is the (r, θ, ξ) system, where ξ = θ − (n/m)ϕ is the helical angle, θ is the poloidal angle, ϕ is the toroidal angle, and m and n are the poloidal and toroidal number of the rational surface. The other useful coordinate system is (Ω, θ, ξ), where Ω = 2(r − r s ) 2 /w 2 − cos ξ, subscript 's' means that the physical quantity is evaluated at the rational surface where the island is located. The surface function Ω (satisfying B · Ω = 0) is more convenient for describing the island topology. According to the definition, Ω = −1 corresponds to the O-point of the island and Ω = 1 to the separatrix.
In Eq. (1), j n, is the non-inductive current perturbation which comes from various mechanisms driving or damping the tearing mode, such as the bootstrap current and the polarization drift [2, 3, 13, 14] . In this paper, we only consider the contribution from the bootstrap current density j bs , which can be expressed as [9, 10, 15, 16] 
where k c is a coefficient determined by particle collision, B θ is the poloidal field, and dp/dr is the plasma pressure gradient. In the previous NTM theory, the plasma pressure profile is assumed to be flattened inside the island and the pressure outside can be derived from the island topology. Accordingly, the pressure gradient in the region of the island is [2] dp(r) dr =
(3) Where dp 0 /dr is the equilibrium pressure gradient. From Eqs. (1)∼(3), the NTM evolution equation is given by [2] 
where
denotes the bootstrap current drive for the island growth, and a is a numerical factor of order one which is calculated from the space integral,
Since a > 0 and L q /L p > 0 in normal tokamak plasmas, the island could grow even for ∆ < 0. In the derivation of Eq. (4), the large island assumption (i.e., w w b ) has been adopted. Therefore, if the island width is comparable or even smaller than the IBW, the bootstrap current density profile and ∆ b need to be modified by the IBW effect.
To investigate the IBW effects on the bootstrap current, we adopt here a ion-banana-orbit-center coordinate system, which is usually employed in the bouncekinetic theory [11, 12] . Here,
is the radial position of the ion-banana-orbit-center for a trapped ion and
is the ion-banana-orbit-width, where
is the ion parallel velocity, σ = ±1 shows the direction of v , λ * = µB 0 /E = B 0 /λ, λ = µ/E, µ is the magnetic moment, E = v 2 /2 is the kinetic energy, B ϕ is the toroidal components of the magnetic field. From Eqs. (7) and (8), it shows that the value of the IBW depends on the equilibrium magnetic field. Here, a concentric and circular equilibrium magnetic configuration is given by
where I(r) = RB ϕ , R = R 0 + r cos θ, subscript '0' means the value at the magnetic axis of a tokamak. For a large aspect ratio (i.e., ε = r/R 0 1),
Because the parallel velocity is zero for trapped ions at its bounce points, from Eqs. (8) and (9), the bounce angle is
and the trapped/passing boundary corresponds to λ * = 1−ε (i.e., 1−ε < λ * < 1+ε to the trapped and λ * < 1−ε to the passing ions). By referring to Eqs. (9) and (10), the parallel velocity of a trapped ion in Eq. (8) can be approximated as
which is a function of poloidal angle. As mentioned in section 1, the banana-orbits of some trapped ions near the separatrix can lie partly inside and partly outside the island. The pressure gradient is different at different positions on their banana-orbits. To calculate the average pressure gradient acting on these trapped ions, a simple physical picture based on the single particle motion is introduced here. Firstly, the effective force felt by an ion under the pressure gradient can be treated as [9, 10] 
where n i is the ion density. If this force changes with the ion's position on its orbit, the averaged effective force felt by a trapped ion after a banana-period can be calculated by the bounce average operator [11, 12] <
which can be simplified by Eq. (11) as
Thus, the effective force acting on the trapped ion, whose banana-center is at r b , is obtained as
Because the trapped ions have different values of kinetic energy and magnetic moment, their IBW ρ b and θ T bounce angle are different. Thus, the average pressure gradient acting on all the trapped ions, which have their banana-orbit-centers at r b , need to be derived by an integral in the velocity space as dp
, and
, is the velocity distribution function. By substituting Eq. (14) into Eq. (2), the expression of the bootstrap current density with the IBW effect considered becomes
In the case where the IBW effect is not considered (i.e., assuming ρ b = 0), Eq. (15) can be reduced to Eq. (2). Therefore, our result can be seen as an extension of the previous bootstrap current density expression.
IBW effect on bootstrap current profile and NTM drive
For the research on the bootstrap current drive to the NTM, a flux-surface averaged expression of the bootstrap current density is needed in Eq. (1). In the coordinate system (Ω, θ, ξ) introduced in section 1, the flux-surface average can be defined as
Where cos ξ b = −Ω. In the ion-banana-orbit-center coordinates, the flux-surface averaged bootstrap current can be simplified as
With regard to Eqs. (15) and (16), Fig. 1 demonstrates the IBW effect on the surface-averaged bootstrap current density profile (normalized by the equilibrium bootstrap current density j b,0 ) for q=2 and ε = 0.2. It is shown in Fig. 1 that, for large islands (w/w b = 10), the bootstrap current density inside the island is small and its profile is very close to that without the IBW effect. This is because only a very small amount of trapped ions with a large velocity (i.e., a large IBW) can contribute to the bootstrap current inside the large island. The bootstrap current inside the island starting from the separatrix grows with the decrease of the island width. For w/w b = 1, because the island is small, more trapped ions whose banana-orbitcenters are inside the island can feel the pressure gradient outside. Accordingly, the bootstrap current inside the island increases dramatically even at the O-point, which is a similar result to the previous particle simulation work [7] . This means that the bootstrap current profile inside the island is not a 'hole' as described by the previous NTM theory, and thus its perturbation can be reduced by the IBW effect. Nevertheless, because the bootstrap current inside the island is not totally restored and thus its perturbation persists even with the IBW effect included, it still contributes a destabilizing effect on the NTM according to Eq. (1). Fig. 2 presents a profile of the helical component of the bootstrap current density, which has influence on the strength of the bootstrap current drive to the NTM. Because of the negative sign ahead of the second term on the right side of Eq. (1), we define the helical current density as Fig. 2 shows that, for large islands (w/w b = 10), the helical current (normalized by j b,0 ) inside the island can appear only in a very narrow region from the separatrix. On the other hand, when the island width is comparable to the IBW (w/w b = 1), the helical current inside the island becomes large and its value is negative for Ω < 0.66. This negative contribution of a helical current near the O-point can cancel a part of the bootstrap current drive to the NTM. In the case in which the IBW effect is considered in the NTM evolution Eq. (1), the expression of the bootstrap current drive term can be re-defined as ∆ * b in Eq. (4). Fig. 3 shows that the bootstrap current drive to the NTM can be gradually reduced by the IBW effect with the decrease of the island width. In other words, the IBW effect is stronger for small islands. Hence, in its early developing phase, the NTM is more stable than the previous prediction result given without the IBW effect. According to Eqs. (7) and (11), the value of the IBW is proportional to the safety factor q and inversely proportional to the square root of the aspect ratio ε = r/R 0 on the rational surface where the island is located. This means that, for islands with the same width, more trapped ions inside the islands at higher q and lower ε could feel the pressure gradient because of their larger IBW. Therefore, it can be imagined that, the strength of the IBW effect on the NTM drive can vary with q and ε. Fig. 4(a) and (b) show the line of ∆ * b as a function of the island width (normalized by the ion Larmor radius) for different q and ε. They demonstrate that the IBW effect on the NTM drive increases with increasing q or decreasing ε. 
Summary
A simple and direct physical method has been presented in this paper to describe the IBW effect on the bootstrap current density profile in the island region. It shows that the persistence of the bootstrap current inside an island can come from the overlap of the island and the banana orbits of trapped ions, even when the pressure profile inside the island is still flattening. In the case in which the island width is comparable to the IBW, the bootstrap current drive to the NTM can be dramatically reduced by the IBW effect. At the rational surfaces with different safety factors and an inverse aspect ratio, the strengths of the IBW effect on the NTM drive are different.
Although the IBW effect on the bootstrap current density in the case of small islands has been discussed in this paper, the detail of the threshold of the NTM is still a big challenge for both theoretical and simulation studies. Besides the bootstrap current effect on the NTM, further work is needed to investigate the threshold of the NTM, such as the role of the polarization drift in the case of small islands. The method adopted in this paper is also a promising candidate for discussing the IBW effect on the polarization current profile.
